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Abstract
Eguchi-Hanson solitons are odd-dimensional generalizations of the four-dimensional
Eguchi-Hanson metric and are asymptotic to AdS5/Zp when the cosmological con-
stant is either positive or negative. We find soliton solutions to Lovelock gravity in 5
dimensions that are generalizations of these objects.
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1 Introduction
The AdS/CFT correspondence has played a pivotal role in modern theoretical physics for
more than a decade because of its conceptual importance and its broad applications [1]. It
conjectures that for some gravitational theory on a D-dimensional spacetime of the form
AdSd ×MD−d where M is a compact space of D − d dimensions (D = 10 for string-theory
and D = 11 for M-theory) then there also exists a mathematically equivalent (d − 1)-
dimensional Conformal Field Theory (CFT). As a consequence, solutions to the vacuum
Einstein equations in (d− 1)-dimensions have particular importance since they furnish both
ground states for string theory and background manifolds for the dual CFT.
An interesting case in point are generalizations of the Eguchi-Hanson (EH) metric. EH
metrics are solutions of the four-dimensional vacuum Euclidean Einstein equations, and
can be regarded as a special case of the Atiyah-Hitchen metric. This latter metric can be
embedded in M-theory to furnish new M2- and M5-brane solutions [2]. Odd-dimensional
generalizations of the formerly 4-dimensional EH metric were discovered a few years ago
in Einstein gravity and are referred to as Eguchi-Hanson solitons. Originally obtained in
5 dimensions upon taking a particular limit of Taub-NUT space [3], they can also be ob-
tained from a consideration of static regular bubbles with AdS asymptotic behaviour [4] and
generalize to any odd-dimensionality [5]. These latter cases can be derived from a set of
inhomogeneous Einstein metrics on sphere bundles fibred over Einstein-Kahler spaces [6, 7].
EH solitons are asymptotic to AdSd/Zp (p ≥ 3) and have Lorentzian signature. As such
they furnish interesting non-simply connected background manifolds for the CFT boundary
theory. Perturbatively the EH soliton has the lowest energy in its topological class, suggesting
that it is either a new ground state in string theory or that some as yet unknown ground
state exists.
Quantum gravitational corrections generally induce higher-order curvature terms in the
low-energy effective action [8]. When Einsteinian gravity is considered in higher dimensions
n ≥ 4, the applicability of the theory still stands but it is not sufficient in realizing the
free-field dynamics involved [9]. Consequently much attention to this end has concentrated
on Lovelock gravity [10, 11, 12], since its field equations are always of 2nd order, even
though the associated action is non-linear in the curvature tensor. The most commonly
studied special case of Lovelock gravity is Einstein-Gauss-Bonnet (EGB) gravity, which only
contains curvature-squared terms, and implications for AdS/CFT of incorporating this term
have recently been carried out [8].
In this paper we investigate the existence of EH soliton solutions in EGB gravity in
five dimensions. We find that generalizations of the 5-dimensional EH soliton [3] do indeed
exist. We construct such solutions via semi-analytic and numerical methods. These solutions
smoothly approach the Einsteinian EH soliton solutions in the limit that the Gauss-Bonnet
parameter α→ 0.
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The outline of our paper is as follows. In Section 2, we will introduce the reader of the
EH soliton. In Section 3, the action formalism of EGB gravity will be introduced and EGB
field equations will be shown in Einstein-notation. Using a similar notation to [3, 5] for the
EH soliton, we transform the metric to a more convenient form in Section 3, and also present
the explicit EGB field equations scaled in dimensionless units. We then compute large−r
and small-r power-series solutions to the equations in Section 4, and discuss the required
metric regularity conditions for a soliton solution. The full numerical results of solution are
given in Section 5. Finally, Section 6 contains a discussion of our results.
Throughout this paper, we will use both greek and latin characters for upper and lower
indices of the tensors but reserve latin characters for ’dummy’ variables. These indices will
run through n variables where n = 5 is the dimensionality of the spacetime.
2 The Eguchi-Hanson Soliton
In this section we briefly review the structure and properties of the EH soliton. Its metric
has the form [3]
ds2 = −g(r)dt2 + r
2f(r)
4
[dψ + cos θdφ]2 +
dr2
f(r)g(r)
+
r2
4
dΩ22 (1)
where dΩ22 = [dθ
2 + sin2 θdφ2] is the unit 2-sphere and
g(r) = 1 +
r2
`2
, f(r) = 1− a
4
r4
, Λ = − 6
`2
(2)
The EH soliton is an exact solution to the 5-dimensional Einstein equations. In the `→∞
limit, the 5D EH soliton (1) recovers the EH metric
ds2 =
r2f(r)
4
[dψ + cos θdφ]2 +
dr2
f(r)
+
r2
4
dΩ22 (3)
on a constant t hypersurface.
In general the metric (1) will not be regular unless certain conditions are imposed on its
parameters. As r → a, regularity in the (r, ψ) section implies that ψ has period 2pi/
√
g(a).
Removing string singularities at (θ = 0, pi) implies that an integer multiple of this quantity
must equal 4pi. Consequently
a2 = `2
(
p2
4
− 1
)
(4)
where p ≥ 3 is an integer, implying that a > `. The metric (1) can be rewritten as
ds2 = −
(
1 +
r2
`2
)
dt2 +
r2
p2
f(r)
[
dψ +
p
2
cos(θ)dφ
]2
+
dr2(
1 + r
2
`2
)
f(r)
+
r2
4
dΩ22 (5)
2
where now
f(r) = 1− `
4
r4
(
p2
4
− 1
)2
and we have rescaled ψ so as to have period 2pi.
The regularity condition (4) implies that the metric (5) is asymptotic to AdS5/Zp where
p ≥ 3. The AdS/CFT correspondence conjecture states that string theory on spacetimes
that asymptotically approach AdS5 × S5 is equivalent to a conformal field theory (CFT)
(N = 4 super Yang-Mills U(N) gauge theory) on its boundary
(
S3 × R) × S5. Here the
boundary of the EH soliton is a quotient of AdS, implying the existence of extra light states
in the gauge theory. The density of low energy states is not affected even though the volume
of S3 has been reduced to S3/Zp.
As noted in the introduction, the EH soliton perturbatively has the lowest energy in its
topological class. In the context of string theory, the implications are either [5]:
1. If the soliton is non-perturbatively stable, then it is a new ground state to string theory
2. Otherwise, if the soliton is non-perturbatively unstable, then there exists another un-
known ground state to string theory
Moreover, the perturbed solutions from the EH soliton that are still asymptotic to AdS5/Zp
(p ≥ 3) have higher energies than the EH soliton which suggests its position in a energetically
local minimum.
3 Einstein-Gauss-Bonnet Gravity
The unique combination of curvature-squared terms that is contributed by Gauss-Bonnet
gravity towards the Einstein-Hilbert action is
LGB = RabcdRabcd − 4RabRab +R2 (6)
So that the total action IEGB becomes
IEGB = 1
16piG
∫
dnx
√−g [−2Λ +R + αLGB] (7)
where n is the dimensions of the metric and α is the Gauss-Bonnet coefficient for controlling
the relative magnitude of the contributing curvature-squared terms. If the action from (7) is
varied with respect to the metric (and neglecting boundary terms) we obtain the EGB field
equations[
Rµν − 1
2
Rgµν + Λgµν
]
− α
[ 1
2
gµν(RabcdR
abcd − 4RabRab +R2)− 2RRµν
+4RµaR
a
ν + 4R
abRµaνb − 2Rabcµ Rνabc
]
= 0
(8)
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Eqn (8) shows explicitly the contribution of the Gauss-Bonnet terms towards the pure Ein-
stenian field equations.
In order to search for EH-type soliton solutions to the equations (8), we employ the ansatz
ds2 = −r
2
`2
g(r)dt2 +
r2f(r)
4
[dψ + cos θdφ]2 +
`2
r2
dr2
f(r)h(r)
+
r2
4
dΩ22 (9)
and require that {f(r), g(r), h(r)} each have an asymptotic limit of 1. In the limit α→ 0,
g(r) = 1 +
`2
r2
, h(r) = 1 +
`2
r2
, f(r) = 1− a
4
r4
, Λ = − 6
`2
(10)
recovering the metric (1).
The EGB field equations (8) can be written explicitly into a set of ordinary differential
equations using (9). We obtain 7 non-trivial field equations {Ett, Err, Eψψ, Eθθ, Eφφ, Eψφ, Eφψ}.
that in turn can be reduced to 3 independent field equations {Err, Eψψ, Eθθ}. Rescaling the
parameters and variables in the field equations via
x =
r
`
, fxx(x) = `
2frr(r), fx(x) = `fr(r), Λ∗ = `2Λ, α∗ =
α
`2
(11)
where the subscript denotes the derivative with respect to the relevant variable, we find[
12f 2h+ 12x4fxhxfh− 64fh− 32hxf + 8xhf 2 − 128fxh+ 24x2f 2xh− 16x2fxhx
−32x2fxxh+ 8x4f 2xh2 + 48x2f 2h2 + 24x2fxxfh+ 12x2fxhxf + 80xfxfh
+8x4fxxfh
2 + 64x3fxfh
2 + 24x3hxf
2h
]
α∗
+[
16− 24x2fh− 16x3fxh− x4fxhx − 6x3hxf − 2x4fxxh− 4f − 4Λ∗x2
]
= 0
(12)
[
− 48f 2g2h+ 32xfhxg2 − 24xf 2hxg2 − 16x2fg2xh+ 32xfxg2h− 48x2f 2g2h2
+64fg2h+ 4x4f 2g2xh
2 − 24xffxg2h− 24x3ffxg2h2 + 12x2f 2g2xh+ 32x2fgxxgh
−72xf 2gxgh+ 96xfgxgh− 8x4f 2gxxgh2 + 16x2fxgxgh− 40x3f 2gxgh2
−24x3f 2hxg2h− 12x2f 2gxhxg + 16x2fgxhxg − 12x2ffxgxgh− 12x4ffxgxgh2
−12x4f 2gxhxgh− 24x2f 2gxxgh
]
α∗
+[
4x2Λ∗g2 + 12fg2 − x4fg2xh+ 2x4fgxxgh+ 24x2fg2h+ 6x3fxg2h
+6x3fhxg
2 + x4fxgxgh+ x
4fgxxhxg + 10x
3fgxgh− 16g2
]
= 0
(13)
4
[
16f 2g2h− 4x2f 2g2xh− 48x2f 2g2h2 + 8xf 2hxg2 + 4x4f 2g2xh2 + 8xffxg2h
+8x2f 2gxxgh+ 24xf
2gxgh− 8x4f 2gxxgh2 − 64x3ffxg2h2 − 24x3f 2hxg2h
+4x2f 2gxhxg + 4x
2ffxgxgh− 40x4ffxgxgh2 − 12x4f 2gxhxgh− 8x4fxxfg2h2
−4x5f 2xgxgh2 + 2x5fxg2xfh2 − 4x5gxxfxfgh2 − 4x5fxxgxfgh2
−12x4fxhxfg2h− 8x4f 2xg2h2 − 40x3f 2gxgh2 − 6x5fxgxhxfgh
]
α∗
+[
4x2Λxg
2 − 4fg2 + 6x3fhxg2 + 24x2g2h+ 16x3fxh2h− x4fg2xh+ 10x3fgxgh
+x4fxhxg
2 + 2x4fxhxgh+ x
4fgxhxg + 2x
4fgxxgh+ 2x
4fxxg
2h
]
= 0
(14)
4 Series Solutions
We were unable to obtain an analytic solution to the EGB field equations for the ansatz
(9). We therefore turn to power-series expansions and numerical techniques to find soliton
solutions to EGB gravity.
4.1 Power-series solutions
There are two particularly interesting power-series for the soliton, near infinity (the large-r
expansion) and near r = r0 (the near-r0 expansion). While not sufficient for demonstrating
a full soliton solution these series are useful guides as to the behaviour of the solution in
interesting physical limits.
For large-r we find that
f(r) = 1 +
a4
r4
− a4(4αa4 − b4`
2)
2(4α− `2)r8 −
a4`
2(12αa4 − 48αb4 + 5b4`2)
15(4α− `2)r10 +O
(
1
r10
)
g(r) = 1 +
`2
r2
+
b4
r4
− b4(4αb4 − `
2a4)
2(4α− `2)r8 +
a4`
2(252αa4 − 5b4`2 + 48αb4)
45(4α− `2)r10 +O
(
1
r10
)
h(r) = 1 +
`2
r2
+
b4
r4
− b4(−7`
2a4 + 12αb4)
6(4α− `2)r8 +
a4`
2(756αa4 − 5b4`2 + 336αb4)
45(4α− `2)r10 +O
(
1
r10
)
(15)
where 4α− `2 6= 0 (4α∗ − 1 6= 0).
There are two free parameters (a4, b4) in the solution, governing the falloff rate of the
metric functions. Their falloff rates suggest that the mass of the soliton, M, is governed by
these two quantities. Using the conformal formalism based on the electric Weyl tensor of
[13, 14] to compute the conserved quantities, the conformal mass in Einstein gravity is given
by
M = −pi(3b4 − a4)
8`2Gp
(16)
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Setting a4 = −r40 and b4 = 0 in (16), we recover the soliton mass from the counterterm
subtraction method [3] and from the Hamiltonian formalism [4].
To obtain the near-r0 power-series solution, we impose the conditions f(r0) = 0, g(r0) 6= 0,
and h(r0) 6= 0 at the bubble-edge r0. We then find
f(r) = A1(r − r0) + A2(r − r0)2 + A3(r − r0)3 +O
(
(r − r0)4
)
g(r) = B0 + B1(r − r0) +B2(r − r0)2 +B3(r − r0)3 +O
(
(r − r0)4
)
h(r) = C0 + C1(r − r0) + C2(r − r0)2 + C3(r − r0)3 +O
(
(r − r0)4
) (17)
where Λ = − 6
`2
+
12α
`4
and B0 6= 0 and C0 6= 0. The coefficients in the preceding expression
are extremely cumbersome and we relegate them to Appendix B.
Before moving to a numerical solution of the equations, we revisit the issue of metric
regularity for the EGB case. The Kretschmann scalar K = RabcdRabcd,
K = 1
4`4gr4
(
4g4r8f 2rrh
2 − 4r8gh2f 2grrg2r + 32g4r7frh2frr + 4r8g2h2fgrrgrfr
+4r8g2hf 2grrgrhr + 16g
4r6h2ffrr + 16r
6g4h2rf
2 + r8h2f 2g4r + 88r
6g4f 2r h
2
+160r4g4h2f 2 + 16r6g3h2f 2grr + 8r
7g3h2fgrrfr + 4r
8g2h2f 2g2rr
+24r7g2h2f 2grgrr + 8r
7g3f 2r h
2gr + 4r
7g3h2rf
2gr + 8r
7g3hf 2grrhr
+8g4r7frrhhrf + r
8g2g2rh
2
rf
2 + 16g4r7f 2r hhr + 48f
2
r h`
2g4r4 − 12r7gh2f 2g3r
+8r7g3hrfgrfrh+ 2r
8g2g2rhrffrh+ 4g
4r8frrhhrfr + 4g
4r7h2rffr (18)
−128g4`2r2fh+ 32g4r2f 2h`2 + 2r8g2g2rf 2r h2 + 40r6g2h2f 2g2r + 64r5g4hf 2hr
+160r5g4h2ffr + 96r
5g3h2f 2gr + 176g
4`4f 2 − 384g4f`4 + g4r8h2rf 2r
+256`4g4 − 2r8hf 2g3rghr + 8r7g2hf 2g2rhr + 12r7g2h2fg2rfr
+64r6g4hrffrh+ 48r
6g3h2fgrfr − 32g4r3frhf`2 − 2r8h2fg3rgfr
+32r6g3hf 2grhr
)
and will be finite for all r ≥ r0 provided g(r) 6= 0 for all r > r0. The only remaining possible
singularities will be conical singularities at r = r0 and string singularities. The former will
not be present provided ψ has a period of 2pi/P where
P2 ≡ r
4
0A
2
1R
2C0
16`2
(19)
String-singularities will be eliminated at the north and south poles if ψ has a period of 4pi/p
where p ∈ Z \ {0}. Together these conditions imply
A1 =
√
4`2p2
r40C0
(20)
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This is a generalization of the regularity condition for the Einsteinian case [5]. For α = 0 it
is straightforward to show that A1 =
4
r0
and C0 = 1 +
`2
r20
giving
r20 = `
2
(
p2
4
− 1
)
(21)
which is the regularity condition (4), with a = r0.
5 Numerical Results
In this section we present the numerical solutions of the EGB field equations. The power-
series solutions from Section 4 provide a useful guide for approximating the initial conditions
(hereafter IC) of the large-r and near-r0 field equations. Both positive and negative values of
the cosmological constant are possible, depending on the choice of Gauss-Bonnet coefficient
α∗.
We have compared the full numerical solutions with their respective power-series expan-
sion as a cross-check on our numerical work. As shown more fully in Appendix A, the large-r
numerical solution agrees very well with the corresponding power series solution when ex-
panded to order 1/r10, even for reasonably small r. The near-r0 power-series agrees well
with the numerical solution when the corresponding power series solution is expanded up
to (r − r0)3 order, but can quickly deviate from the numerical solution when r is appre-
ciably larger than r0. We use the power series expansions given in Section 4 for the initial
conditions.
With consistent results from the power-series approximations, we now present the full
numerical solutions below.
5.1 Initial Conditions and Numerical Procedure
We find that there is numerical instability if the values of |α∗| are too large. From the series
solutions (15) we see that α∗ 6= 1/4, so we shall consider only small α∗ < 1/4 henceforth. We
can choose freely the parameter p, which is a positive integer from condition (20) required
to satisfy metric regularity conditions. In Einstein gravity, we have the bound p ≥ 3 from
the regularity condition (21). The analogous lower bound on p in EGB gravity follows from
condition (20) since the coefficients A1 and C0 will depend on r0 and `, which we do not
know a priori. For sufficiently small α∗ we expect that p = 5 will be sufficient, and we shall
make this choice throughout the paper. It is a straightforward (albeit tedious) exercise to
numerically obtain solutions for larger p.
All other parameters are constrained by the shooting method, a trial-and-error method
of tuning the values of chosen IC parameters that are not known a priori, so that when the
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equations are numerically integrated away from the starting point, the solution will satisfy
desired asymptotic properties. The IC parameters {a∗4, b∗4} and {B0, C0} will be used to
tune the required desired properties of the solution for the large-r and near-r0 solutions,
respectively. For numerical integration beginning near-r0, we use the shooting method to
require {f, g, h} to follow the required large-r asymptotic conditions. Conversely, for large-r
numerical integration, the starting point is at r = ∞, and the shooting method is used to
set the value of the bubble edge at r = r0.
For convenience, we list here the various parameters we employ for both large-r and
near-r0 numerical integration of the field equations.
• α∗
This is the dimensionless Gauss-Bonnet coefficient, chosen to be small to avoid issues
of numerical instability as noted above.
• p
This is a non-zero integer that emerges from the the metric regularity condition (20),
whose choice selects one of a countably infinite set of EH soliton solutions in EGB
gravity. The 5D Einsteinian EH soliton required that p ≥ 3 [3]. For practical purposes,
we will use p = 5 for our numerical results.
• B0
This the value of g(r = r0); it must be positive and converge to 1 + `
2/r20 in the α→ 0
limit. The near-r0 shooting method will constrain this parameter.
• C0
Similar to B0, this is exactly the value of h(r = r0) and should be positive and con-
verging to 1 + `2/r20 in the α → 0 limit. The near-r0 shooting method will constrain
this parameter.
• x0
This is the dimensionless radius of the EH soliton bubble edge r0 in units of ` defined
by x0 ≡ r0/`. The spacetime exists only for x ≥ x0 (equivalently r ≥ r0). The large-r
shooting method will constrain this parameter.
• a4
This parameter contributes to the mass of the soliton. In the Einsteinian limit α→ 0,
a4 = −r40, where r0 is the soliton radius. This interpretation will not necessarily hold
for nonzero α and b4. The large-r shooting method will constrain this parameter, whose
rescaled version is a∗4 = a4/`
4.
• b4
The b4 parameter also contributes to the mass of the soliton; in Einstein gravity the
relevant expression is that of Eqn (16). We will consider both b4 = 0 and b4 6= 0 cases.
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The large-r shooting method will constrain this parameter, whose rescaled version is
b∗4 = b4/`
4.
• s0
This is the reciprocal dimensionless radius of the EH soliton bubble edge, defined by
s0 = `/r0. To numerically analyze the r → ∞ limit, we make a variable change
r 7→ s = `/r0 and analyze its s → 0 behavior. Note that the spacetime is valid for
s ≤ s0 only.
The outline of the numerical procedure is as follows. For some α∗ small, we choose p = 5.
We then make an initial choice of the IC parameters {a∗4, b∗4} (large-r) or {B0, C0} (near-
r0). The other parameters in the respective power-series solutions are then fully determined
from this guess. We then apply the Runge-Kutta-Fehlberg method to integrate the field
equations Err, Eψψ, Eθθ, with the starting point at r = r0 (near-r0) or at r = ∞ (large-r).
If the required asymptotic behaviour of the soliton (when starting at r = r0) or bubble
edge behaviour (when starting at r = ∞) is satisfied, we are done and have obtained the
numerical solution. If they are not satisfied within a given tolerance (we use a tolerance of
 = 10−4), then we repeat the process with improved guesses of the ICs and calculate the
numerical solution.
5.2 Large-r behavior
We employ the parameter s ≡ `/r < 1 to investigate the large-r behavior of our solutions.
Our choice of p = 5 implies that sα=00 = 1/x
0
0 =
(
p2/4− 1)−1/2 ≈
p=5
0.4364 in the Einsteinian
case. In Einstein gravity, we also have a∗,α=04 = −x40 =
p=5
−27.5625 and b∗,α=04 = 0. We find
that the field equations for large-r are numerically more difficult than near-r0, so we only
display results that we numerically trust.
The free parameters chosen for our large-r numerical results are given in Table 1. We
present our results for the parameter set µ ∈ {a∗4, b∗4, s0} in terms of their deviations ∆µ =
µ− µα=0 relative their values in Einstein gravity.
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Numerical Parameters – large-r
α∗ = 0 α∗ = −0.04 α∗ = 0.002
Figure Number #1 #2 #3 #4 #5
p Free 5 5 5 5 5
∆a∗4
Shooting
method
0 7.80 7.80 −0.20 −6.30
∆b∗4
Shooting
method
0 0 −2.96 0 0.200
∆s0 Calculated 0 5.17× 10−2 2.00× 10−2 2.20× 10−3 −2.11× 10−2
∆M∗ Calculated 0 1.56 3.34 −0.04 −1.38
Table 1: Numerical values for the large-r numerical solution. The symbols used are s0 =
1/x0, s
α=0
0 ≈ 0.436436, a∗,α=04 = −27.5625, b∗,α=04 = 0, and M∗,α=0 = −5.51. Deviations from
the α = 0 values are defined by ∆a∗4 = a
∗
4 − a∗,α=04 , ∆b∗4 = b∗4 − b∗,α=04 , and ∆s0 = s0 − sα=00 .
The mass deviation parameter ∆M∗ = M∗ −M∗,α=0 is in units of pi`2/8G, where the latter
term is given in Eqn (16).
We find that the numerical integration is much more sensitive to the choice of b∗4 than a
∗
4,
and so require more fine-tuning of b∗4.
Figure 1 – Figure 5 depict the solutions {f(s), g(s), h(s)} where s = `/r for α∗ =
0,−0.04, 0.002 from Table 1, respectively. We see that all metric functions approach 1
in the s→ 0 limit (at r →∞) as required. Our solutions are valid all the way from infinity
to the edge of the soliton, whose values are given in Table 1 for the various cases.
We also see from Fig. 3 that a nonzero value for b4 can have a dramatic effect relative
to the b4 = 0, α = −0.04 solutions shown in Fig. 2. This effect is less pronounced for the
α = 0.002 solutions, as shown in Fig. 4 and Fig. 5 possibly due to the decreasing magnitude
of α.
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Figure 1: Large-r numerical solutions {f, g, h} for α∗ = 0 where s = `
r
. We have a∗4 = a
∗,α=0
4 ,
b∗4 = 0 and s0 = s
α=0
0 here. The color coding is f(s) = blue, g(s) = red, and h(s) = green.
Figure 2: Large-r numerical solutions {f, g, h} for α∗ = −0.04 where s = `
r
. We have
a∗4 = a
∗,α=0
4 + 7.80, b
∗
4 = 0, s0 = s
α=0
0 + 0.0517 here. The color coding is f(s) = blue,
g(s) = red, and h(s) = green.
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Figure 3: Large-r numerical solutions {f, g, h} for α∗ = −0.04 where s = `
r
. We have
a∗4 = a
∗,α=0
4 + 7.80, b
∗
4 = −2.96, s0 = sα=00 + 0.02 here. The color coding is f(s) = blue,
g(s) = red, and h(s) = green.
Figure 4: Large-r numerical solutions {f, g, h} for α∗ = 0.002 where s = `
r
. We have
a∗4 = a
∗,α=0
4 − 0.20, b∗4 = 0, s0 = sα=00 − 0.0022 here. The color coding is f(s) = blue,
g(s) = red, and h(s) = green.
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Figure 5: Large-r numerical solutions {f, g, h} for α∗ = 0.002 where s = `
r
. We have
a∗4 = a
∗,α=0
4 − 6.30, b∗4 = 0.20, s0 = sα=00 − 0.0211 here. The color coding is f(s) = blue,
g(s) = red, and h(s) = green.
5.3 Near-r0 behavior
The free and calculated parameters with their numerical values for the near-r0 solution
are shown in Table 2. In the Einsteinian case, Bα=00 = C
α=0
0 = 1 + (1/x
α=0
0 )
2 = 1 +(
p2/4− 1)−1 ≈
p=5
1.1905 where xα=00 =
(
p2/4− 1)1/2 ≈
p=5
2.2913. As in the large-r case, we
express our results in terms of deviations from Einstein gravity.
Numerical Parameters – near-r0
α∗ = 0 α∗ = −0.04 α∗ = +0.002
Figure Number #6 #7 #8
p Free Parameter 5 5 5
∆B0 Shooting method 0 −0.1423 0.0087
∆C0 Shooting method 0 −0.1782 0.0065
∆x0 Calculated 0 −0.2442 0.0116
Table 2: Numerical values for the near-r0 solution, where B
α=0
0 = C
α=0
0 ≈ 1.1905 and
xα=00 = 2.2913. Deviations from the α = 0 values are defined by ∆B0 = B0 − Bα=00 ,
∆C0 = C0 − Cα=00 , and ∆x0 = x0 − xα=00 .
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The only free parameter in the near-r0 solution is p; all other parameters can be obtained
numerically via the shooting method and from solving the constraint equations.
Figure 6: Near-r0 numerical solutions of {f, g, h} for α∗ = 0, p = 5, B0 = Bα=00 , C0 = Cα=00 ,
and x0 = x
α=0
0 . The color coding is f(x) = blue, g(x) = red, and h(x) = green.
Figure 7: Near-r0 numerical solutions {f, g, h} for α∗ = −0.04, p = 5, B0 = Bα=00 − 0.1423,
C0 = C
α=0
0 − 0.1782, and x0 = xα=00 − 0.2442. The color coding is f(x) = blue, g(x) = red,
and h(x) = green.
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Figure 8: Near-r0 numerical solutions {f, g, h} for α∗ = +0.002, p = 5, B0 = Bα=00 + 0.0087,
C0 = C
α=0
0 + 0.0065, and x0 = x
α=0
0 + 0.0116. The color coding is f(x) = blue, g(x) = red,
and h(x) = green.
6 Conclusions
We have semi-analytically and numerically found five-dimensional Eguchi-Hanson soliton
solutions in Einstein-Gauss-Bonnet (EGB) gravity. We have illustrated the typical form of
the metric functions for small positive and negative values of α, integrating from both large-
r to the edge of the soliton, and from the edge of the soliton to infinity. These numerical
solutions are fully consistent with large-r and the near-r0 power-series solutions with 2 free
parameters α and p.
We have found numerical evidence (in the context of the large-r problem) that b4 can be
non-vanishing in EGB gravity. This indicates a broader class of soliton solutions, in which
both a4 and b4 can be nonzero. A full exploration of these solutions, along with a study of
a broad range of α∗ (going beyond the choice we believe falls in a safe range of stability),
remain interesting subjects for future investigation.
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7 Appendix
A Numerical Solutions Compared to Power Series Ex-
pansions
We present here a comparison of our numerical solutions to the power-series expansion of
our results, up to 1/r10 for the large-r solution and up to (r − r0)3 in the near-r0 solution
for α = 0.
The large-r power-series is very effective when expanded up to 1/r10, but the near-r0
solutions fail to demonstrate proper asymptotic behavior when expanded only to order (r−
r0)
3.
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(a) The large-r power-series for α∗ = 0. (b) The large-r numerical solution for α∗ = 0.
(c) The large-r power-series for α∗ = −0.04. (d) The large-r numerical solution for α∗ = −0.04.
Figure 9: The large-r solution comparison of the power-series in expanded up to 1/r10
(dashed lines) and full numerical solution (solid lines) for α∗ = 0 and α∗ = −0.04 with a
colour coding of f = blue, g = red, and h = green.
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(a) The near-r0 power-series for α∗ = 0. (b) The near-r0 numerical solution for α∗ = 0.
(c) The near-r0 power-series for α∗ = −0.04. (d) The near-r0 numerical solution for α∗ = −0.04.
Figure 10: The near-r0 solution comparison of the power-series in expanded up to (r− r0)3
(dashed lines) and full numerical solution (solid lines) for α∗ = 0 and α∗ = −0.04 with a
colour coding of f = blue, g = red, and h = green.
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(a) The deviation for large-r solutions for α∗ = 0. (b) The deviation of the large-r solutions for α∗ =
−0.04.
(c) The deviation of the near-r0 solutions for α∗ = 0. (d) The deviation of the near-r0 solutions for α∗ =
−0.04.
Figure 11: The deviation, ∆ = Fps(x) − Fnum(x), of the large-r and near-r0 power-series
solution with the full numerical solution for α∗ = 0 and α∗ = −0.04 with a colour coding of
f = blue, g = red, and h = green. The large-r power-series is expanded up to 1/r10, and
the near-r0 power-series is expanded up to (r − r0)3.
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B Large-r power-series coefficients
We present here the near-r0 power series coefficients up to (r − r0)2 from Eq. (17).
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√
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√
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